The advent of precise measurements of the cosmic microwave background (CMB) anisotropies has motivated correspondingly precise calculations of the cosmic recombination history. Cosmic recombination proceeds far out of equilibrium because of a "bottleneck" at the n = 2 level of hydrogen: atoms can only reach the ground state via slow processes: two-photon decay or Lyman-α resonance escape. However, even a small primordial abundance of molecules could have a large effect on the interline opacity in the recombination epoch and lead to an additional route for hydrogen recombination. Therefore, this paper computes the abundance of the H2 molecule during the cosmic recombination epoch. Hydrogen molecules in the ground electronic levels X 1 Σ + g can either form from the excited H2 electronic levels B 1 Σ + u and C 1 Πu or through the charged particles H + 2 , HeH + and H − . We follow the transitions among all of these species, resolving the rotational and vibrational sub-levels. Since the energies of the
The advent of precise measurements of the cosmic microwave background (CMB) anisotropies has motivated correspondingly precise calculations of the cosmic recombination history. Cosmic recombination proceeds far out of equilibrium because of a "bottleneck" at the n = 2 level of hydrogen: atoms can only reach the ground state via slow processes: two-photon decay or Lyman-α resonance escape. However, even a small primordial abundance of molecules could have a large effect on the interline opacity in the recombination epoch and lead to an additional route for hydrogen recombination. Therefore, this paper computes the abundance of the H2 molecule during the cosmic recombination epoch. Hydrogen molecules in the ground electronic levels X Πu (Werner band) transitions are near the Lyman-α energy, the distortion of the CMB spectrum caused by escaped H Lyman-line photons accelerates both the formation and the destruction of H2 due to this channel relative to the thermal rates. This causes the populations of H2 molecules in X 1 Σ + g energy levels to deviate from their thermal equilibrium abundances. We find that the resulting H2 abundance is 10 −17 at z = 1200 and 10 −13 at z = 800, which is too small to have any significant influence on the recombination history. 
I. INTRODUCTION
The era of percent-level precision cosmology started with the exquisite measurements of the cosmic microwave background (CMB) anisotropies by the Wilkinson Microwave Anisotropy Probe (WMAP) satellite [1] . The CMB anisotropies are a very useful tool for cosmologists for two reasons. First, the shapes and normalizations of the temperature and polarization spectra are sensitive to a host of cosmological parameters [2] . Second, the physics underlying the CMB power spectrum is thought to be well understood. It can be calculated by linear perturbation theory of the Einstein and Boltzmann equations around a homogeneous, isotropic background [3] [4] [5] ; the perturbation equations can be solved rapidly by modern numerical codes that have achieved agreement at the 0.1% level in code comparisons [6] . However, to solve these equations one needs to know the number density of free electrons as a function of redshift n e (z), the so called recombination history, which enters into these equations through the Thompson scattering of photons from free electrons.
The first cosmological recombination calculations were carried out more than 40 years ago [7, 8] , showing the importance of non-equilibrium hydrogen recombination because of the high optical depth of the Lyman series lines in the early universe. A hydrogen atom can only * Electronic address: ealizad2@illinois.edu † Electronic address: chirata@tapir.caltech.edu reach its ground state from the H i 2s level or 2p levels via two-photon decay and redshifting out of the Lyman-α line, respectively. The early analyses assumed Boltzmann equilibrium of all n ≥ 2 levels of hydrogen, and thus had to follow only ionized hydrogen H + + e − , excited hydrogen H * (n ≥ 2), and ground-state hydrogen H(1s).
To obtain n e (z) to high accuracy, it is necessary to include additional physics. Thus theorists have considered helium recombination [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] ; deviations from Boltzmann equilibrium for the n ≥ 2 levels of hydrogen [19] [20] [21] [22] [23] ; a host of two-photon processes [12, 15, [24] [25] [26] [27] [28] [29] ; the transport of photons near Lyman-α due to multiple resonant scattering [29] [30] [31] [32] [33] [34] [35] [36] [37] ; and cross-talk among various lines and the photoionization continuum [14, 38, 39] .
The workhorse recombination code Recfast, used for WMAP parameter constraints, was a fitting function to such non-equilibrium calculations including all of the physical processes recognized as important in the year ∼2000 [40, 41] , and there have been some subsequent updates [42] . Recfast was sufficiently accurate for the observations of its time, however to fully take advantage of the power of the Planck satellite data (launched 2009) it is important to find n e (z) to the sub-percent level [42, 43] . This realization triggered a flurry of papers considering a host of new phenomena that could affect the recombination history to the percent and subpercent level, culminating in two new publicly available codes that properly treat the radiative transfer effects in hydrogen and helium recombination [44, 45] .
The current paper is a continuation of the same effort to reach the required level of accuracy. We consider how the formation and destruction of hydrogen molecules
Σ + u and C 1 Π u electronic states can change the recombination history. The reason that H 2 might be able to change the recombination history is that the Lyman and Werner bands (
are near the Lyman-α energy (hν Lyα = 10.2 eV). Thus the excitation, de-excitation, photodissociation, and photoassociation of the H 2 molecule can shuffle photons between the red and the blue sides of the Lyman-α line. In an expanding Universe, a photon redder than Lyman-α is likely to simply redshift and eventually become a part of the far-infrared background, whereas a photon bluer than Lyman-α will redshift into the Lyman-α frequency and excite a ground-state hydrogen atom (which at z > 900 would have been likely to be photoionized). At an order of magnitude level, one would expect this H 2 -mediated redistribution to become possibly significant if the net optical depth in the Lyman and Werner bands τ LW were of order 10 −3 , which for the recombination-era density and Hubble rate, and total oscillator strengths of order unity, would require an abundance
Therefore we are interested in even tiny quantities of molecular hydrogen. It is worth noting that some models of early Universe chemistry have found x[H 2 ] 10 −12 [46, 47] during the recombination epoch with simplified (i.e. not level-resolved) reaction networks.
The calculation of the abundance of hydrogen molecules has already been considered by many authors but for a different cosmological goal, that is to assess the effect of the H 2 molecule on the cooling of metal-free gas and its implications for primordial star formation [48] [49] [50] [51] [52] [53] [54] [55] [56] . Since direct radiative association to the X 1 Σ + g electronic level, i.e. 2H→H 2 (X 1 Σ + g ) + γ is forbidden, two separate hydrogen atoms must reach the ground state of H 2 through an intermediate route. For the case of the postrecombination era when k B T CMB < 0.2 eV the accessible routes are through the H + 2 [48] and H − [49, 50] intermediate states. Indeed, complex reaction networks have been constructed to follow hydrogen chemistry [46, 53, [57] [58] [59] [60] . These have identified in particular the significance of the recombination-induced CMB spectral distortion [17, 61, 62] in controlling pregalactic photochemistry, the importance of rate coefficients [63] [64] [65] , and the importance of following transitions among the various rotational and vibrational levels of the H + 2 ion at z < 500 [60] .
However, at the redshift of interest for this paper, z ∼ 1000, there is another route for the formation of hydrogen molecules: the inverse Solomon process [66] . At this era there are enough ultraviolet photons (both blackbody photons and spectral distortion photons) to facilitate the photo-attachment of two hydrogen atoms into an excited H 2 molecule in one of the rovibrational levels of either the B 1 Σ + u (Lyman band) or C 1 Π u (Werner band) electronic states with energies ∼ 10 eV. The excited H 2 molecule will re-emit the photon and decay to either a bound H 2 (X 1 Σ + g ) molecule, or to the continuum of the X level (i.e. to two H atoms). In equation form,
This mechanism and the charged-particle processes (H − , H + 2 , and HeH + ) control the H 2 abundance at high redshift. The possible effect on hydrogen atom recombination is the main focus of this paper. We note that Ref. [66] found only a small production of H 2 via this mechanism, but they did not include the spectral distortion photons in their rate coefficient and hence the total rate of H 2 production could be many orders of magnitude larger. Of course, the same spectral distortion also drives H 2 photodissociation -the left arrows in Eq. (1) -so the net effect on the H 2 abundance requires a detailed calculation. Deviations from thermal equilibrium abundances arise not from the amplitude of the ultraviolet photon spectrum, but the way in which its peculiar shape beats against the forest of H 2 lines and dissociation continua. Since we work at z > 800 we will not distinguish the matter versus radiation temperature in this paper.
This paper is organized as follows: in Sec. II we write down the rate equations for the bound-bound and boundfree transitions. These equations are then solved in the steady state approximation and the results are presented in Sec. III. We discuss the size of the H 2 abundances found in the previous chapter on the absorption of Ly-α photons and conclude in Sec. IV.
II. ABUNDANCE CALCULATION
In the standard hydrogen recombination calculation [41] one follows the evolution of several hundred energy levels of the H i, He i, and He ii atoms by including all bound-bound and bound-free transitions and treating the radiative transfer of line photons in the expanding universe using the Sobolev approximation [33, 67] . A similar treatment can be used for the H 2 molecule.
This section is organized as follows: we begin with a description of the reactions included (Sec. II A) and then turn to the rate equations (Sec. II B) and the steady-state approximation (Sec. II C). Finally, we describe our model for the molecular data (Sec. II D) and the radiation field (Sec. II E), which is required in order to evaluate the transition rates among H 2 levels. The inclusion of the charged-particle reactions is described in Sec. II F.
A. Basic reactions
Here, we consider the ground X and the excited B and C electronic states of the hydrogen molecule. The latter are technically not bound since they can undergo spontaneous radiative dissociation, but they are long-lived. We designate them with their rotational (J) and vibrational (ν) quantum numbers; in the case of the C levels, which are Λ-doubled, it is necessary to describe the parity as either vector-like [C
We consider only the bound energy levels of these states up to rotational quantum number of J = 20.
The bound-free radiative reactions involving these levels (we do not consider the collisional reactions in this paper) are the dipole-allowed transitions,
and
The bound-bound reactions are the dipole-allowed transitions
and the quadrupole-allowed transition,
There are in principle other quadrupole-allowed transitions; however those involving the B and C electronic states will be small compared to the dipole-allowed transitions (B,C→X). We consider quadrupole transitions among the levels of the X electronic state with different rovibrational quantum numbers νJ because there are no allowed dipole decays from these levels, and hence quadrupole decay might be significant in comparison with excitation by (rare) ultraviolet photons. We will denote the "thermal abundance" of an H 2 level by its abundance if the reaction 2H↔H 2 were in equilibrium, i.e.
where g nuc is the nuclear degeneracy, g e = 1 is the electronic degeneracy, and g H = 4 is the degeneracy of an H atom. Note that since the early Universe is not in ionization (Saha) equilibrium, the choice of 2H↔H 2 as a reference reaction to define the thermal abundance is merely for convenience, and that achieving the thermal abundance does not imply full thermodynamic equilibrium.
B. Rate equations
The rate equations for the above reactions can be written as:ẋ
where i denotes the level under consideration (we always resolve rotational and vibrational quantum numbers of H 2 ), the overdot˙denotes a derivative with respect to proper time, and x i ≡ n i /n H where n H is the proper density of hydrogen nuclei (in any form -H ii, H i, or H 2 ). The bound-bound term is given by:
The first sum in the right hand side shows the rate of decrease of x i by radiative decays to lower levels (spontaneous + stimulated) and increase of x i by radiative absorption. The second sum is for radiative decays from the higher levels to the level i and their inverse processes.
Here f (ν ji+ ) = f (ν ij + ǫ) is the photon phase space density on the blue side of the line. Also, P ij is the Sobolev escape probability [68] (see Ref.
[41] for a short derivation) which is the probability that a photon emitted in the line to escape out of it via redshifting before being reabsorbed by a molecule in a lower j level. It is given by:
where the optical depth is
As a first step, we assume the H 2 lines are optically thin, that is |τ ij | ≪ 1, and therefore all the emitted photons will escape out of the resonance (P ij ≈ 1). This assumption must be checked at the end of the calculation for self-consistency; later we will find it to be extremely good for all lines. Similarly, the bound-free term can be written aṡ
The first term on the right hand side is for the dissociation of the hydrogen molecule into two H(1s) atoms via radiative decay to an unbound vibrational state, and the second term is for the inverse process. Here E free = −1 Hartree is the energy of two separated H(1s) atoms with no relative kinetic energy. The functions α i (E)dE = A i→free (E)dE are the Einstein coefficients for the decay from a bound state i to the continuum with energy E. The radiative absorption coefficients β i can then be calculated using the principle of detailed balance:
Using equilibrium thermodynamics to find the thermal abundance ratio (Eq. 7) and plugging in the blackbody spectrum f th (E) = 1/(e E/kBT − 1) we finally find
Here, g H = 4 is the degeneracy of the ground energy level of the hydrogen atom, g e is the electron spin degeneracy of the bound state i and is equal to 1 for all the states considered in this paper as they are all in singlet electronic spin states. Finally, g nuc is the nuclear spin degeneracy of the bound state i. It can be calculated by demanding that the total wavefunction change the sign under exchange of the two protons; this implies g nuc = 1 for the even-J energy levels of the X, B and C + electronic states and for the odd-J states of C − . For the rest of the bound states the protons are in their triplet spin state, i.e g nuc = 3.
C. Steady state approximation
We can rewrite the rate equations above in matrix form. To do that it is convenient to define the boundbound transition matrix:
In addition, we define the dissociation term
and the source term
Then it is straightforward to show that the Eqs. (8), (9) and (12) can be written in the compact forṁ
where the transition matrix T is defined by:
If the transition times are much smaller than the age of the Universe, i.e. if the smallest eigenvalue λ min of T is ≫ H, we can takeẋ i = 0. Then the abundances can be found by the solution to the linear system:
In fact, since the steady-state H 2 abundance is exponentially increasing at the end of recombination, we would like λ min to be larger than ζH, where
The steady-state approximation is found to be valid until z ≈ 810, i.e. during the portion of the recombination epoch most relevant to CMB anisotropies. We will find the smallest eigenvalue of T to become ≈ H at z = 750.
D. Molecular data
We require the bound-bound and bound-free Einstein coefficients A ij and α i . These must be calculated since no tabulations of the full radiative dissociation spectrum from the B and C states is available (Ref. [69] gives integrated radiative dissociation rates and mean photon energies, but not a spectrum as required here).
For the energy levels and dipole transitions, we use the Born-Oppenheimer approximation. This may not be accurate for nearly degenerate vibrational levels of the B and C + states: these can mix if they have the same rotational quantum number J (C − states cannot mix with B by parity conservation). In these cases, if e.g. the decay rate to a particular X rovibrational level is much greater for the pure B than the pure C + state, then the mixing can enhance the decay rate from the energy eigenstate that is "mostly" C + [69, 70] . However, in these cases we expect that the rates involving the B state would have a greater impact on the H 2 abundance than the C + state. Therefore, the Born-Oppenheimer approximation is sufficient for the purpose of order-of-magnitude estimation of the H 2 abundance.
We have acquired the electronic energy level surfaces from the literature for the X [71] , B [72] and C [73] states, and used them to construct Born-Oppenheimer wave functions. The electronic dipole matrix elements have also been obtained from the literature for X-B [74] and X-C [73] transitions. (The expressions for Einstein coefficients can be found in Appendix A.) Note that for the radiative dissociation of the B and C electronic states, we consider decays to the vibrational continuum of the X electronic state.
The dissociation coefficient α i (E f ) is a complicated function of the final energy E f due to the existence of quasibound resonances of the H 2 X 1 Σ + g electronic state that ultimately dissociate via tunneling through the centrifugal barrier. This behavior can still be captured by the Born-Oppenheimer approximation as long as one uses sufficiently small steps in E f ; see allowed decays this is not a problem for us.) In practice, when computing the integrals in Eq. (12) we use the adaptive step size integrator odeint of Ref. [75] .
We also consider the effect of adding the electric quadrupole transitions among different X 1 Σ + g states on the H 2 abundances by using the results of Ref. [76] for the corresponding Einstein coefficients.
E. Radiation field
The above equations require knowledge of the radiation field as a function of the photon energy, f (E). The relevant range of energies extends up to 0.54 Hartree (14.7 eV). This includes the range in which the spectral distortion is significant. It also extends to energies greater than the ionization energy of H i, E I = 13.6 eV=0.5 Hartree.
The CMB blackbody component is specified by the radiation temperature. This is T (z) = 2.728(1 + z) Kelvin, and we have not distinguished between the matter temperature and the radiation temperature (in our redshift range z > 800 these differ by < 0.1%). The number density of hydrogen nuclei is
where Y = 0.24 is the mass weighted primordial helium abundance, ρ cr = 1.8788 × 10 −29 h 2 g cm −3 is the critical density of the universe at the present time, m p is the
The radiation field at E < E I is obtained using the code of Ref. [28] , which includes both CMB blackbody and spectral distortions. This code self-consistently follows the absorption and emission of Lyman-series photons in the H i lines. In the case of two-photon transitions, it follows only the harder rather than the softer of the two photons. This leads to small errors at E < 3 8 E I , because the lower-energy photon in the decay
is ignored. However, at the redshifts of interest here (z > 800) this is not a significant oversight because the CMB blackbody is dominant at these low energies, and even at later times the distortion from redshifting of higher-energy photons (Lyman-α or the hard 2γ photons) is more important than the soft 2γ photons. The code also includes the spectral distortion due to two-photon decays from higher levels H(3s,3d), and due to the Raman process
which results in a significant addition to the photons at E > E Lyα . The code of Ref. [28] does not track the extreme ultraviolet (EUV), defined here as photons energetic enough to ionize hydrogen, E ≥ E I . The reason is that the Universe is optically thick to such photons: in < 10 −7 Hubble times these photons will be absorbed. There is, however, a constant stream of EUV photons being produced via direct recombinations to the ground state,
The abundance of these photons will thus rapidly reach its equilibrium value [38] ; in the limit of f (E) ≪ 1 so that we can neglect stimulated recombinations, we have
[The "temperature" in this equation (both in the exponential and the Saha abundance ratio) is technically the matter temperature T m since the photons are being produced and destroyed by interaction with matter, but at high redshift we do not make this distinction.] The overall radiation spectrum is shown in Fig. 2 at z = 1142.
In our analysis, we take the output of the standard calculation, namely the abundance of hydrogen atoms and the phase space density of photons as a function of redshift and energy, as the input in our calculation of the abundance of hydrogen molecule levels. Of course, if H 2 abundances turn out to be high enough to make a considerable change in the recombination history or radiation spectrum, one must perform a more self-consistent calculation in which the feedback of H 2 molecules on hydrogen recombination is taken into account properly by solving the rate equation for all of the species simultaneously. But for the standard cosmology, we will see that this situation does not arise.
F. The charged-particle processes
We have investigated the processes that produce H 2 from neutral hydrogen atoms and radiation. However, there are other mechanisms that contribute to their formation and destruction, namely the H − , H + 2 , and HeH + pathways (these have been found to be dominant at low z in previous works, e.g. Refs. [46, 60] ). All of the reactions that we consider in this paper, including these pathways, are shown in Fig. 3 . They include the radiative attachment/detachment for H
the radiative association/dissociation of H
and that for HeH
There are subsequent nonradiative reactions that generate H 2 (and at sufficient temperature can destroy it by operating in reverse): the H − channel
and the H
The latter can be aided by proton exchange from HeH + : (32) and similarly the source vector s and abundance vector x are extended. The model H 2 molecule includes 1435 levels (X, B, C + , C − ) with J ≤ 20. We follow all 423 rovibrational levels of H
). However, we treat the HeH + (X 1 Σ + ) ion assuming Boltzmann distribution of the rovibrational levels at the radiation temperature, which is a good approximation since electric dipole transitions are allowed and rapidly thermalize the level populations. The full T-matrix is thus 1859×1859.
The sub-block of the T-matrix and s-vector involving H + 2 and HeH + was computed in Ref. [60] : it contains Eqs. (27) , (28) , and (31), as well as contributions associated with the electric quadrupole transitions among the rovibrational states of H
). We used the code and rate coefficients of Ref. [60] to generate the corresponding matrices and source vectors. Since none of our reactions directly connect HeH + to H 2 (they can only interconvert via H 
where i represents any state of H 2 , j any state of H + 2 , E H(1s) −E H + = −13.6 eV, and the factor of 2 comes from the degeneracy ratio of H versus H + . The corresponding contributions to T can then be determined from Eq. (19) .
The rovibrational level-resolved forward reaction rates R ij for Eq. (30) are unfortunately not available in the literature. Vibrationally resolved quantum-mechanical rates have been calculated [77] , however their calculation did not resolve the rotational levels and did not well-sample the lowest energies required here. There is also the experimentally measured low-temperature rate of 6.4 × 10 −10 cm 3 s −1 [78] , which once again did not resolve rovibrational levels (see also the recent measurements of the reaction of D + 2 +H [79] ). The experiment of Ref. [78] did however show by isotopic substitution that the reaction mechanism is charge transfer, i.e. the two nuclei in the initial H + 2 ion remain in the H 2 molecule that is produced. Therefore the ortho-or para-nuclear spin character should be preserved in the reaction of Eq. (30) .
Since the calculations of Ref. [77] suggest that at energies of several tenths of an eV the reaction H
+ is most likely to leave the final molecule in the ν = 4 vibrational state, a simple prescription is to assume that (i) the rate coefficient for this reaction is 6.4 × 10 −10 cm 3 s −1 ; (ii) the final vibrational state is ν = 4; and (iii) the rotational quantum number (N for H + 2 and J for H 2 ) is unchanged in the collision.
Negative channel: H

−
Previous work [46, 59, 60] has established that at z > 200, reaction Eq. (26) forces the H − abundance to its thermal equilibrium value because (i) the matter and radiation temperatures are equal, and (ii) photodetachment by blackbody photons is the main sink for H − on account of the strong CMB field and the low binding energy of H − , B[H − ] = 0.754 eV. The thermal abundance is then given by
The associative detachment reaction, Eq. (29), can be incorporated by adding appropriate sources and sinks. For the sources, we add
where "+ =" means that the quantity is added to s i . Here k i is the rate coefficient to level i of H 2 , which we obtain from the calculations of Ref. [80] ; we use the T = 3000 K column of their table as it is most appropriate for the recombination epoch and the temperature dependences are weak. Detailed balance implies a corresponding sink for H 2 molecules:
(We may use x i,th here since the negative species are catalysts and hence have no effect if H 2 is at the thermal abundance; one may check explicitly that T ii in fact is proportional to n H(1s) with a coefficient that depends only on temperature.)
III. RESULTS
A. H2 abundance
We now determine the H 2 abundance by two methods: first, with only the Lyman and Werner band reactions as sources and sinks for H 2 ; and second, including the charged particle reactions as well. The latter, of course, is our final result.
H2 dipole and quadrupole transitions only
The abundances of the H 2 molecule in different rovibrational states x i can be found by using Eqs. (14) (15) (16) (17) (18) (19) (20) .
The total abundance of all H 2 molecules irrespective of rovibrational state is shown in Fig. 4 . This abundance shows the expected rapid increase in the early stages of recombination as the temperature drops. At z 1400, the photon phase space density f (E) begins to deviate substantially from the Planck spectrum. One can see that the sense of the resulting spectral distortion is a temporary decline in the abundance of H 2 , followed by a rapid recovery as the spectral distortion redshifts below the Lyman-Werner bands.
We show in Fig. 5 the ratio x i /x i,th of the abundances of the states in all vibrational levels within the X 1 Σ + g J = 0 sequence of the hydrogen molecule to their abundances in thermal equilibrium at z = 1142. Here again "equilibrium" refers to the abundance x i,th that would be obtained if the reaction H 2 (X 1 Σ + g , ν, J) ↔ 2H(1s) were in equilibrium at the actual H(1s) abundance (the definition is important since the ionization fraction deviates from Saha). The first two vibrational levels have approximately the same x i /x i,th ; then there is a sudden drop in this ratio going from the second to the third vibrational level, after which x i /x i,th increases steadily and approaches 1 for the weakly bound states. The physical reason for this situation is that a photon in or redward of the H i Lyman-α line is capable of exciting an H 2 molecule only from the ν ≥ 2 vibrational levels (starting from ν = 0, 1 there is insufficient energy to reach the B or C electronic states). Thus the ν ≥ 2 vibrational levels are rapidly photodissociated. The inclusion of the quadrupole transitions enables H 2 (X 1 Σ + g ) molecules to switch among the various vibrational levels and leads to a washing-out of the step in abundance versus ν. 
Inclusion of charged particle reactions: H + 2 , HeH
+ , and H − We now turn on our full reaction network. We display the abundances of the various levels of H 2 by plotting the logarithmic abundance log 10 (x i /g i ) versus the level energy. This is a straight line in the case of a thermal distribution of levels. The actual result is shown in Fig. 6 for the X electronic states on the left and the B, C + and C − on the right. We can see that the highly excited rovibrational levels of the X electronic state are near thermal equilibrium, but the lower levels are underpopulated by ∼ 2 orders of magnitude. On the other hand the B, C + and C − states are overpopulated compared to the equilibrium abundance and they become more overpopulated relative to thermal for higher energy levels. This is a consequence of the shape of the spectral distortion.
Thus far we have assumed the steady state approximation, i.e. that all of the eigenvalues of the T-matrix are large compared to the Hubble expansion rate H. The minimum eigenvalue of T is shown in Fig. 7 together with the Hubble rate. We can see that for z > 800 the minimum eigenvalue λ min is much larger than the Hubble rate. In fact, due to the rapid increase in the H 2 abundance, we should really be comparing λ min to d ln x[H 2 ]/dt; the crossing of these occurs at z ≈ 810, which is roughly where we expect the steady state approximation to fail. As a consequence, we do not show H 2 abundances at lower redshifts.
In Fig. 4 we show the sum of the abundances of all the X, B and C ± levels of the H 2 molecule as a function of redshift (in practice, this sum is dominated by the X electronic state). Short dashed blue and dotted magenta lines show the cases where we do and do not include quadrupole transitions between X levels, respectively, and only the Lyman and Werner band reactions can create and destroy H 2 . The long dashed red curve shows the case when all the relevant reactions are included. The green solid curve shows the thermal abundances of Eq. (7). We can see that the addition of new transitions consistently causes the non-thermal abundance of H 2 molecules to increase, while always staying below the thermal abundance.
We also show the abundances of the intermediate species in Fig. 8 . The left panel shows the abundances of the charged particles and the right panel the excited electronic states B and C ± of the hydrogen molecule. Even though the abundances of the excited states are much smaller than those of the charged particles, they must be included since the transition rates between these excited states and the H 2 ground state can be much higher than the transition rates connecting the charged particles to the ground state.
A related possible formation channel for H 2 that is mentioned in the literature is from the reaction of an excited and a ground-state H atom [66] :
This reaction proceeds if the reactants approach each other in the vibrational continuum of a 1 Σ + u or 1 Π u electronic state (usually B or C), and in order to produce a bound H 2 molecule the photon must have an energy E > E(Lyα). Since the phase space density of photons is a steeply decreasing function of energy (including a step at Lyman-α), we would expect that the photodissociation of the levels of H 2 is dominated by transitions through the discrete vibrational levels of B 1 Σ + u and C 1 Π u rather than the higher-energy continuum. One can also check the formation of H 2 by this mechanism directly: using the rate coefficient 2.09 × 10 
B. Effect on recombination
Since some of the X-B and X-C transitions have energy above the Lyman-α energy, the absorption or emission of a photon in this line by an H 2 molecule adds or removes a photon that would have otherwise excited a hydrogen atom at a later time, and therefore it will alter the process of recombination of hydrogen atoms. To estimate this effect, we must estimate both the Sobolev optical depth of the various lines using Eq. (11) , and the rate of production of photons in the X-B and X-C bands.
In Fig. 9 we show the net Sobolev optical depth for all X-B and X-C lines. We can see that the optical depth of the sum of all the lines is much smaller than one, and therefore each individual line is also optically thin. This then justifies using P ij = 1 for the Sobolev escape probability throughout this paper.
The net rate of emission of photons in the X-B and X-C bands at energies above the Lyman-α energy is shown in Fig. 10 . We see that there was no absorption or emission in this line at very early times when the universe was in thermal equilibrium. However, at redshifts of ∼ 1500 the deviation of the hydrogen molecule abundances from their thermal values, coupled with the CMB spectral distortion, lead to a net emission of super Lyα photons for both the Lyman and Werner bands. The Lyman band, however, started absorbing super Lyα radiation later on. The net number of emitted photons turns out to be neg- ligible (∼ 10 −11 ) and so it can only cause a very small change in the abundance of H atoms.
There is one final possibility for reactions involving H − and H + 2 to affect recombination, namely through the neutralization reactions
which -in combination with Eqs. (26) and (27) -lead to a net recombination. They are, however, negligible: even for the "upper limit" rate coefficient for Eq. (38) of 5 × 10 −9 cm 3 s −1 [63] , we obtain a maximum recombination rate per Hubble time (ẋ 1s /H) of 1.1 × 10 −11 . Even this is too large since Eq. (38) usually leaves one of the hydrogen atoms in an excited level (principally n = 3) [81] from which it has a large probability of being photoionized. Similarly, for Eq. (39), the rate coefficient at recombination-epoch temperatures is of order ∼ 10 −8 cm 3 s −1 [82] , which implies recombination ratesẋ 1s /H of order 10 −10 .
IV. DISCUSSION AND CONCLUSION
Since the Lyman and Werner band transition energies of H 2 are near the H Lyα energy, it is expected that the abundances of H 2 energy levels deviate appreciably from their thermal abundances. This is because the photon phase space density has been distorted by the redshifted Lyα photons as in the standard hydrogen atom recombination picture. However, it is not clear from the outset whether this distortion to the photon phase space density increases or decreases the abundances of H 2 levels compared to their thermal abundances, since the spectral distortion photons accelerate both the production and destruction of H 2 . To answer this question and ultimately to see to what extent the H 2 molecules can affect the recombination history we have in this paper carried out a detailed calculation including all of the rovibrational levels of the H 2 X 1 Σ + g , B 1 Σ + u , and C 1 Π u electronic states up to rotational number J = 20, together with the charged species relevant to the formation of hydrogen molecules, that is H + 2 , HeH + and H − . We have calculated the bound-bound and bound-free dipole transition rates for the Lyman and Werner bands of the hydrogen molecule using the Born-Oppenheimer approximation. Special care has been taken to find the resonances of the bound-free transitions. The rate equations connecting the energy levels are then solved in the steady state approximation and the level abundances are found by a matrix inversion for each given redshift.
The main result of our paper is that the shape of the CMB spectral distortion reduces the abundance of H 2 compared to the thermal abundance, resulting in low H 2 abundances throughout the recombination epoch; see Fig. 4 . The inclusion of the quadrupole transitions among rovibrational levels of the X electronic state increases the H 2 abundance, and adding the charged particle processes increases the H 2 abundances yet more, while remaining below the thermal abundance. We find x[H 2 ] ∼ 10 −16 during most of the recombination epoch, rising to 10 −13 at z = 800. We conclude that -despite the high cross section for Lyman and Werner band absorption -H 2 is not relevant for determination of the primordial recombination history and CMB anisotropies.
The Einstein coefficients for dipole transitions are discussed in general textbooks, e.g. Refs. [85, 86] . In our case, the C→X transition rates are as follows: for the electric dipole transition of a H 2 molecule from an excited state a = (C, ν a , J a ) to a lower level b = (X, ν b , J b ), we have
where the matrix element is
(A4) Here d = −er 1 − er 2 is the electric dipole operator. The matrix element expands as
where the fixed-R electric dipole moment for the C → X transition is: 
The values of D CX (R) are calculated in [73] . For the B→X transition one finds D BX (R) = D BX (R)R. We use the results of [74] for it.
By plugging Eq. (A6) into Eq. (A5), separating the R integration from theR integration, writingx ′ andŷ ′ in terms of the fixed coordinated unit vectors (x,ŷ,ẑ) with coefficient written in the form of spin wighted spherical harmonics with degree s = 0, calculating the integrals of the three spin-weighted spherical harmonics in terms of the Wigner 3j symbols and using the orthogonality relations of the 3j symbols to do the sums over M a and M b one finally finds: (A9) These equations agree with Ref. [70] , appropriately restricted to the case of no B-C mixing.
